We study the short maturity asymptotics for prices of forward start Asian options under the assumption that the underlying asset follows a local volatility model. We obtain asymptotics for the cases of out-of-the-money, in-the-money, and at-the-money, considering both fixed strike and floating Asian options. The exponential decay of the price of an out-of-the-money forward start Asian option is handled using large deviations theory, and is controlled by a rate function which is given by a double-layer optimization problem. In the Black-Scholes model, the calculation of the rate function is simplified further to the solution of a non-linear equation. We obtain closed form for the rate function, as well as its asymptotic behaviors when the strike is extremely large, small, or close to the initial price of the underlying asset.
Introduction
Asian options are among the most popular traded instruments in the equity and commodity markets. A great variety of numerical and exact methods have been proposed for their pricing [12, 16, 18, 20, 21, 25, 33, 38, 45] , see Boyle and Potapchik [8] for a survey. Most of these methods are numerically and computationally intensive. Monte Carlo methods require a long time, and the calculation of the Greeks is delicate. Methods based on inverting Laplace transforms by numerical integration [21, 25] require special attention in the small maturity and/or small volatility region.
Recently the pricing of Asian options with continuous time averaging has been studied in the short maturity asymptotic regime [1, 35, 36] in the local volatility model. This approach uses large deviations theory, and relates the short maturity asymptotics to a rate function for the time average of the asset price. Explicit results for the rate function can be obtained for the Black-Scholes model and the CEV model. This approach avoids the numerical issues in the short maturity and/or volatility region noted for the methods mentioned above. A related approach considers the asymptotics of the Asian options with discrete time averaging in the limit of a very large number of averaging dates has been proposed in [37] under the Black-Scholes model.
In this paper, we are interested in the forward start Asian options in the short maturity asymptotic regime, assuming that the asset price follows the local volatility model. A forward start option becomes active at a specified date in the future; however, the premium is paid in advance, and the time to maturity and the underlying asset are established at the time the forward start option is purchased, see e.g. [34] . Forward starting European options have been studied in various works in the literature. Such options have the payoff (S T 2 − kS T 1 ) + where t < T 1 < T 2 with t the pricing date, and k is the strike. More exotic derivatives such as cliquets depend also on the joint distribution of the asset price at future times, see [22] for a survey.
The forward start options depend on the future level of volatility, and several approaches have been proposed to describe this quantity and model its dynamics. Stochastic volatility models are a popular approach. For the purpose of pricing volatility derivatives a convenient approach is the the variance curve model [9] . Dynamical models for implied volatility [40] have been also proposed, although an arbitrage-free dynamical specification leads to complicated consistency conditions [39] . The paper [26] introduced different notions of forward volatilities for forecasting purposes. Empirical studies of the forward smile have been carried out in a series of papers by Bergomi [5] . The paper [19] empirically studies the forward smile in Sato models and runs comparisons with a suite of models including Heston and local volatility models for forward smile sensitive products such as cliquets. More closely related to the approach followed here, the asymptotics of the forward start European options has been studied in various settings of small-and large-maturity in [29, 30] under the assumption that the asset price follows an exponential Lévy and Heston model, Asian options are defined with an averaging period [T 1 , T 2 ] with T 2 > T 1 . The total averaging period is T 2 − T 1 and the option pays at time T 2 . For example, a forward start (fixed strike) Asian call option with strike K pays
the price of this option is given by an expectation under risk-neutral measure
(1.1)
Similarly, the price of the forward start put fixed strike Asian option is given by
(1.2)
Another popular instrument are floating strike Asian options. The forward start floating strike Asian call option has the price 3) and the price of the forward start put floating strike Asian option is given by
(1.4)
The papers [1, 35, 36] assume that the averaging period starts at the valuation time (T 1 = 0). However, in practice the averaging period of the Asian options may start also at some time T 1 > 0 in the future. Recall that the total averaging period is T 2 − T 1 and the option pays at time T 2 . Forward start Asian options have been considered in the literature, and analytical approximations have been proposed in Bouaziz et al. [7] and Tsao et al. [42] , also including quanto effects, see Chang et al. [10] . Vanmaele et al. [43] considered forward starting Asian options with discrete time averaging under the Black-Scholes model and derived upper bounds on the prices of these instruments from comonotonicity.
In this paper, we are interested in the limiting behavior of forward start Asian options when T 1 and T 2 approach to 0 with a constant ratio. Let T 1 = τ T and T 2 = T for some fixed ratio τ ∈ (0, 1) and maturity T > 0. Clearly when the call option is out-of-the-money (S 0 < K) or at-the-money (S 0 = K), we have C(T ) := C(T 1 , T 2 ) → 0 as T → 0. Similarly, when the put option is out-of-the-money (S 0 > K) or at-the-money (S 0 = K), we have P (T ) := P (T 1 , T 2 ) → 0 as T → 0. However, the limiting behaviors are quite different. In fact the out-of-the-money case is governed by rare events which shall be captured by large deviation techniques, whereas the at-the-money case is governed by the fluctuations about the typical events.
When τ = 0, this falls into the case of a standard Asian option, whose short maturity asymptotics are studied in [35] . In this paper, we consider the strict forward case, namely when τ > 0. This situation requires special consideration.
We assume that the underlying asset follows a local volatility model. From (1.1) one can realize that the short maturity pricing problem is equivalent to estimating the probability of the average asset price exceeding the strike price, i.e. P 1 1−τ 1 τ S T t dt > K , which is a rare event when K > S 0 and T → 0. A natural approach is to use large deviation theory and the contraction principle [13] . For instance, we can obtain that the price of an forward
This suggests that the major contribution to the probability P 1 1−τ 1 τ S T t dt > K is closely related to the minimum energy of absolutely continuous paths started from S 0 whose arithmetic average during (τ, 1) is K. This minimum energy is known as the rate function of a large deviation problem. Although it is rather complicated to look for a closed form for the rate function, we are able to reduce it to a double-layer variational problem
where F (·) is given by F (·) = · 0 dz σ(S 0 e z ) and I(x, K) is given by the variational problem
We find out that the optimal path corresponding to the minimal energy is indeed a patch of the optimal path of a European option from time 0 to τ and the optimal path of an Asian option from time τ to 1. It also coincides with the intuition that a forward start Asian option is an interpolation of a European option and a standard Asian option.
Furthermore, under the assumption of the Black-Scholes model (where volatility of the underlying asset is a constant σ), we are able to compute the rate function explicitly and obtain for K > S 0 ,
where β ∈ (0, ∞) and ξ ∈ (0, π/2) are the unique solutions of
We also obtain the optimal path explicitly by gluing the optimal path of an European option (S 0 , S 0 e cστ ) over the period [0, τ ) with the optimal path of a standard Asian option (S 0 e cστ , K) over the averaging period [τ, 1] . This is given explicitly as
where ϕ(·) is the optimal path of a standard Asian option under Black-Scholes model with maturity 1, and c is uniquely determined by the C 1 smoothness of f . This also holds for general local volatility models, namely the unique arg min c of (1.5) is such that the optimal path has continuous first derivative, which is guaranteed by (2.7). The paper is organized as follows. In Section 2, we study the asymptotics of forward start Asian options in the out-of-the-money, at-the-money and in-the-money regimes, under the local volatility model. In Section 3, we focus on the special case of the Black-Scholes model, for which explicit results can be obtained. We also study the asymptotic expansions of the rate functions in the cases of deep out-of-the-money and around at-the-money, and introduce the notions of τ -AATM and τ -DOTM that are more suitable for forward starting Asian options. At last in Section 4 we discuss the asymptotics for short maturity forward start Asian options with floating strike, considering both cases of newly issued and seasoned floating strike Asian option. These cases correspond to the valuation period being prior or during the averaging period, respectively. We also present numerical tests for the asymptotic formulas, by comparing with the analytical approximation of [42] and Monte Carlo simulation. An Appendix summarizes the notations used for the various rate functions giving the short maturity asymptotics.
Local volatility model
In this section we study the short maturity asymptotics for the price of a forward start Asian option, under the assumption that the underlying asset follows the local volatility model, see e.g. [22] for an overview. We assume the underlying asset price is given by the solution of the following stochastic differential equation
where W t is a standard Brownian motion, r ≥ 0 is the risk-free rate, q ≥ 0 is the continuous dividend yield, and σ(·) is the local volatility. We impose the following assumptions on the local volatility σ(·): there exist 0 < σ < σ < ∞ and M, α > 0 such that
Under these assumptions it was shown in the paper of Varadhan [44] that the log asset price paths, and hence the asset price paths satisfy large deviations principles. This property can be shown to hold in a wider class of local volatility models including the CEV model [4, 15] , which do not satisfy the conditions (2.7). For simplicity we restrict ourselves here to the class of functions σ(·) with property (2.7), with the understanding that the results can be generalized appropriately. We are interested in the asymptotic behavior of the forward start Asian call option with parameters (S 0 , K, T, τ )
and the forward start Asian put option (S 0 , K, T, τ )
as T → 0. Obviously C(T ) and P (T ) converge to 0 in the out-of-the-money and at-themoney cases. However, the causes are very different, which then lead to very different vanishing speed. When it is out-of-the-money, the rapid decrease to 0 of the option prices comes from the extremely small probability of positive payoff when maturity T → 0. The decrease is exponentially fast. When it is at-the-money, the option prices drop to 0 comes from the drop of Gaussian fluctuation as T → 0. The speed is at the scale of √ T .
Out-of-the-money and in-the-money asymptotics
First we study the asymptotic for out-of-the-money case. Recall the definitions for a forward start Asian option. Let A(T, τ ) be the forward averaged asset price under the risk-neutral measure
A forward start Asian call option is said to be out-of-the-money if K > A(τ T, τ ) and inthe-money if K < A(τ T, τ ). However, note that A(τ T, τ ) = S 0 + O(T ) when T → 0. This implies that in the small maturity regime, K > A(τ T, τ ) is equivalent to K > S 0 . Hence throughout the rest of this paper, we say a forward start Asian call option is out-of-themoney if K > S 0 and in-the-money if K < S 0 . Correspondingly we call a forward start Asian put option out-of-the-money if K < S 0 and in-the-money if K > S 0 . First we prove the following lemma that allows us to transfer the price estimate problem to probabilistic estimates of rare events. Lemma 2.1. Let C(T ), P (T ), T > 0, τ ∈ (0, 1) be as given above. Then we have T log P (T ) = lim
Proof. The proof of (2.10) is similar to (2.9). We only prove (2.9) here. The idea follows similarly as in [35] . First by Hölder's inequality, for any p, p > 1,
We claim that when T → 0, there exists a constant C > 0 such that
Assume the above estimate, we can easily observe for any 1 < p < 2 that lim sup
By letting p → 1 we then obtain the upper bound. On the other hand, note for any > 0,
By letting → 0 we then obtain lim inf T →0 T log C(T ) ≥ log P
which implies (2.9). Now we are let to prove (2.11). When p > 2, by convexity of x → x p on (0, ∞) we have that
Moreover,
and E(S p t ) solves the differential equation
Using (2.7) we obtain that E(S
This implies (2.11). We then complete the proof.
From Lemma 2.1 we can reduce the logarithmic estimates for prices of out-of-the-money forward start Asian options to the probability estimate of the rare event that the underlying asset price goes up from S 0 to K within time T → 0. A classic tool is the large deviation theory. For the definition and basic properties of the large deviation theory, we refer to [13] . T log C(T ) = −I fwd (S 0 , K, τ ); (2.12) and the price of the corresponding out-of-the-money forward start Asian put option (K < S 0 ) satisfies lim
where
Proof. From Lemma 2.1 we just need to have a large deviation estimate for
The idea is to use the contraction principle from large deviations theory (see e.g. [13] ). Let X t = log S t . First note
On the other hand we know that P(X tT ∈ ·, t ∈ [0, 1]) satisfies a sample path large deviation principle on L ∞ ([0, 1], R) with the rate function (see e.g. [44] )
where AC[0, 1] is the space of absolutely continuous functions.
Since the map g → T log C(T ) = lim
Hence we obtain (2.12). Following the same argument we can easily obtain (2.13).
As a by-product, we can also obtain the estimate for an in-the-money forward start Asian option, by using put-call parity. We present it in the following corollary. Corollary 2.3. Assume the asset price S t satisfies (2.6) and (2.7). Then the price of an in-the-money forward start Asian call option (K < S 0 ) satisfies 15) and the price of the corresponding in-the-money forward start Asian put option (K > S 0 ) satisfies
Proof. From the put-call parity we have
as T → 0. On the other hand, when K < S 0 , from (2.13) we know that
We can obtain (2.16) using the same argument.
At-the-money asymptotics
In this section we consider at-the-money case, namely when S 0 = K. First we notice that it is much more likely for the asset price to hit K = S 0 after an extremely short time comparing to out-of-the-money case. Though the probability of this event is still small, it is at the scale of Gaussian fluctuation, namely √ T , which is significantly larger than e −I/T in the out-of-the-money case. In the following theorem, we look for the exact asymptotic of an at-the-money forward start Asian option when T → 0. Theorem 2.4. Consider an at-the-money forward start Asian option (S 0 = K, T, τ ) under the local volatility model (2.6) and (2.7). If in addition we assume the volatility satisfies Lipschitz continuity conditions: there exist α, β > 0 such that for all x, y ≥ 0,
Then the prices of the forward start Asian call and put options satisfy
Proof. The idea is to look for a linear estimate of the underlying asset S t , which is enough to capture the small maturity asymptotic of C(T ) and P (T ) up to order √ T . The proof is similar as in [35] (see Theorem 6). Here we only sketch the major steps.
Step 1: We first consider an approximate process X t := e −(r−q)t S t , which is a martingale and satisfies the SDE dX t = σ(X t e (r−q)t )X t dW t , X 0 = S 0 .
For any underlying process x t ∈ C([0, 1], R + ), we denote Then we can easily see that
Hence we have
Step 2: Next we consider a further approximation of X t by a Gaussian processX t = S 0 + σ(S 0 )S 0 W t , where W t is a standard Brownian motion. Note
. This is due to Doob's martingale inequality and the fact that
for some constant M > 0. The detailed proof of the last inequality in (2.17) can be found in [35] (see page [21] [22] . At the end, combining Step 1 and Step 2, we obtain that
At the end we just need to compute C T,X t for the Gaussian processX t . Note
which is a Gaussian random variable with mean 0 and variance
where Z is a standard Gaussian random variable with mean zero and variance one. The result for the put option can be proved similarly.
Discussions on variational problem
In this section we further discuss the variational problem for out-of-the-money case given in Theorem 2.
2. We want to analyze the rate function
We have the following result.
Proposition 2.5. The solution of the variational problem (2.18) is given by the extremum problem
where I(x, K) is given by the variational problem
and F (·) is defined by
Proof. The variational problem (2.18) with the constraint (2.19) can be transformed into an unconstrained variational problem by introducing a Lagrange multiplier λ for the functional
We split the variational problem (2.18) with the constraint (2.19) into two parts and analyze them separately.
This implies that
= c, from which we obtain that f is monotone. By integration we have that
Clearly F is a strictly increasing function. By inverting F we then obtain the argmin of the rate function I fwd (S 0 , K, τ ) in the period [0, τ ]:
The corresponding energy is
Part 2: Now consider the region τ ≤ t ≤ 1. We want to find f (t) ∈ AC[τ, 1], such that
and has the minimum energy
Let us reparametrize f (t), t ∈ [τ, 1] as follows. Consider the variable u ∈ [0, 1] such that for all t ∈ [τ, 1] we have
We also center the function f by letting ϕ : [0, 1] → R be such that
Then clearly we have
The function ϕ(u) satisfies the boundary condition ϕ(0) = 0 and (2.19) can be written as
From (2.18) we know for any c ∈ R,
Let the contribution from F −1 (cτ ) be absorbed into a redefinition of S 0 , then the right hand side of the above inequality is indeed
Hence we obtain
On the other hand, let G 0 = inf c∈R G c . Then for any > 0, there exists a c ∈ R such that
Let → 0 we obtain G 0 ≥ I fwd (S 0 , K, τ ). This yields (2.20) and concludes the statement.
Remark 2.6. We know that when S 0 = K (at-the-money), the option price is of scale √ T as T → 0, hence the rate function I fwd (S 0 , K, τ ) vanishes for K = S 0 . This can be easily checked by noting that c = 0 and ϕ = 0 solves the minimization problem.
We call a path f (t) ∈ AC[0, 1] the optimal path of I fwd (S 0 , K, τ ) if it is the minimizer of the variational problem (2.18) with the constraint (2.19).
Next, we study the continuity of the derivative of the optimal path f (t). From the above proposition we know that f (t) is a C 1 function on both (0, τ ) and (τ, 1). In the language of variational calculus, τ is the so-called corner point. In fact we know that f (t) is continuous at t = τ as well, hence f ∈ C 1 ([0, 1], R). This is guaranteed by Erdmann-Weierstrass condition (see for example §12.6 in Chapter 4 of [11] (p. 260) or [6] (p. 203)), which we present as below.
Theorem 2.7 (Erdmann-Weierstrass corner conditions). If a function y(t) is an extremum of the variational problem
then ∂ y L and y ∂ y L − L must be continuous at each corner point τ of y(t), that is points where y (t) may have different values on each side of τ .
In our case the function L(y, y ) of the variational problem (2.23) is, up to an unessential constant,
Since σ(x) is continuous everywhere, it follows by the Erdmann-Weierstrass condition for ∂ f L(f, f ) that f (t) is continuous at the corner point τ . This proves that the optimal solution f (t) of this variational problem is C 1 on (0, 1).
Black-Scholes model and approximation
In this section we consider forward start Asian options under Black-Scholes model, which is a special case of the local volatility model with σ(·) in (2.6) being a constant function. The variational problem significantly simplifies in this case and we are able to obtain a closed form for the rate function I fwd (S 0 , K, τ ).
Rate functions under the Black-Scholes model
Let σ(·) = σ > 0. The result of Proposition 2.5 simplifies as follows.
Proposition 3.1. Assume the underlying asset price S t follows Black-Scholes model. Then the price of an out-of-the-money forward start Asian call option (K > S 0 ) satisfies 30) and the price of an out-of-the-money forward start Asian put option (K < S 0 ) satisfies
Here J BS (·) is the rate function for an Asian option with averaging starting at time zero, which is given by the variational problem
Proof. This easily follows from Proposition 2.5. We just need to show when σ(·) = σ, we have
This is straightforward by noting
2. An alternative way to look at the forward start Asian call option with parameters (S 0 , K, T, τ ) under the Black-Scholes model is as follows. The underlying asset price is given by S t = S 0 e σWt+(r−q− 
The underlying of the forward start Asian is therefore a product of two uncorrelated random variables: a log-normally distributed variable S τ T := X and A [τ T,T ] . The call option price can be written as
2τ T e
is the undiscounted Asian call option price, with averaging starting at time zero, underlying starting price at 1, and strike price at K/S τ T . In conclusion, the price of a forward start Asian option is a Gaussian-weighted average over the prices of Asian options starting at time zero.
It is already known that (for instance see [35] ) when T → 0, we have
We plug this asymptotic result back into (3.34) . Using the Laplace method we know that C(T ) is dominated by the exponential term
where J BS (·) is the rate function for the Asian option in the Black-Scholes model. Hence we have
This coincides with (3.32) by letting x = cτ /σ. Corollary 3.3. In the limiting case of very small averaging period, τ → 1, (3.32) reduces to the rate function of an European option
When τ → 0, (3.32) reduces to the rate function of a standard Asian option with averaging starting from time 0, namely
Proof. The second conclusion is obvious. We just show (3.35). When τ → 1, from (3.32) we have that
Since 1 1−τ → +∞ as τ → 1, the optimal c ∈ R is the smallest real number for which J BS K S 0 e c vanishes. Moreover, from (3.33) we know that J BS K S 0 e c = 0 as soon as S 0 e c = K. Hence we obtain the optimal c = log
, which gives (3.35) . This agrees with the intuition that when τ is close to 1, almost no averaging takes place. It therefore falls back to a standard European option.
Discussions on variational problem and the optimal path
In this section we look for a closed form expression for the rate function
of an out-of-the-money forward start Asian option under the Black-Scholes model. From (3.32) this amounts to solving a double-layer variational problem. We know that when τ ∈ (0, 1), the rate function is an interpolation between the extreme cases corresponding to τ = 0 and τ = 1. It can also be observed by looking at its optimal path. Recall that a path
From the proof of Proposition 2.5 we know that f (t) is a combination of two continuous paths, namely the optimal paths for the European option (S 0 , S 0 e cτ , τ ) and the optimal path for the Asian option (S 0 e cτ , K, 1 − τ ). Explicitly we have
Here c is uniquely determined by the minimizer of (3.32), which shall be discussed in detail later. The explicit forms of J BS (x) and its argmin ϕ(· , x) were computed in [35] (see Proposition 12) . We recall these results below.
Lemma 3.4. Let J BS (x) be given as in (3.33). Then we have The left plot in Figure 1 shows the optimal path ϕ(u, x) for two strikes with x = K/S 0 > 1 (out-of-the-money Asian call options). This is a concave function satisfying ϕ(0, x) = 0 and the transversality condition ϕ (1, x) = 0. Recall that ϕ(u, x) satisfies also
By Erdmann-Weierstrass corner conditions we know that f is in C 1 ([0, 1], R), which in fact, uniquely determines the constant c. In the proposition below, we given a simple and direct verification of f ∈ C 1 ([0, 1], R) and obtain an explicit expression for c. 
Proof. To show f ∈ C 1 ([0, 1], R), we just need to prove that f (τ −) = f (τ +). By (3.36) it is equivalent to prove that
From Lemma 3.4 and the definition of ϕ c we know that
(3.39)
One the other hand, since c is the argmin of J fwd (S 0 , K, τ ) in (3.32), it is a critical point. Hence
(3.40)
By Lemma 3.4 we can easily obtain that
Combine the above two equations we have
Comparing with (3.39) we immediately obtain (3.38) . This completes the proof.
From Proposition 3.5 we can easily obtain the following fact.
Proposition 3.6. For a forward start Asian option with parameters (K, S 0 , τ ) and τ ∈ (0, 1), let c = S 0 e f (τ ) be as described above. Then 3 For K = S0e cτ , we define βc = ξc = 0. Proof. First note that the optimal path (3.36) is piecewisely monotone. This is because the optimal paths for a regular European option and a standard Asian option are both monotone (see [35] , page 25). Moreover from (3.38) we know that c has the same sign as ϕ (0). This implies that the optimal path f is monotone in the whole interval [0, 1]. We can then easily conclude that c > 0 if K > S 0 , c < 0 if K < S 0 and c = 0 if K = S 0 . Note S 0 e f (τ ) = S 0 e cτ . By monotonicity of S 0 e f (t) , t ∈ [0, 1] we can easily conclude that S 0 e cτ always falls between S 0 and K. Now we are able to derive the closed form of the rate function of an out-of-the-money forward start Asian option under Black-Scholes model. Theorem 3.7. Let C(T ) (resp. P (T )) be the price of an out-of-the-money forward start Asian call (resp. put) option (S 0 , K, T, τ ) under Black-Scholes model with volatility σ. Then we have the short maturity asymptotics of the prices as follows. For K > S 0 ,
and for K < S 0 ,
where β ∈ (0, ∞) and ξ ∈ (0, π 2 ) are the unique solutions of
Proof. By combining Proposition 3.1 and Proposition 3.5 we immediately obtain the conclusion.
We show in Table 1 numerical results for c as given by the solution of the equation (3.40) for a forward start Asian option with several values of τ and different strikes K > S 0 . The solution for β c of the equation (3.37) is also shown. Substituting these numerical values into the expressions for f (t) shown above, gives the optimal paths shown in the left plot of Figure 3 .
These optimal paths have two pieces: a linear piece (dashed blue) corresponding to the time interval before the averaging period, and the concave piece (solid black) corresponding to the averaging period. We also show numerical values for c and β c for a few values of K/S 0 ≤ 1 in Table 2 . The right plot in Fig. 3 shows the optimal path f (t) for forward start Asian options with 
Further asymptotic estimates of the rate function
Under Black-Scholes model, we have a closed form for the logarithmic estimate for the price of an out-of-the-money forward start Asian option I fwd (S 0 , K, τ ). It has different behavior when the option strike takes extreme values. In this section, we take a further step and estimate these asymptotic behaviors. For convenience we use log-strike x = log(K/S 0 ) in the rest of this section. Recall for a standard Asian option, we call it around ATM (AATM) if |x| 1 and deep OTM (DOTM) if |x| 1. For a forward start Asian option, this is the case only if τ ∼ O(1). To include also the limit values of τ we define the following regions in (τ, x) plane:
• τ -almost-ATM (τ −AATM) region. This is the region (1 − τ )|x| 1. It includes the AATM region.
• τ -deep-OTM (τ −DOTM) region. This is the region (1 − τ )|x| 1, and includes the region of very large x → ∞ and very small −x → ∞ strikes. The deep-OTM region with x < 0 is further divided into two regions, as will become apparent in Prop. 3.14.
See Figure 4 for a graphical representation of these regions. The relevant scale for the expansions in this section is (1 − τ )x and the form of the expansion depends on the relative size of this parameter to 1. In order to see this we recall the relation (3.43) determining β for K > S 0
The relative size of the product (1−τ )x on the right hand side and 1 decides if the expansion of the left hand side is done around β = 0 or β → ∞. We recall that a similar result holds 
We consider the asymptotic expansion of the rate function for forward starting Asian options in the Black-Scholes model in each of these regions. We first consider the asymptotics of the rate function in the τ −AATM region (1 − τ )|x| 1. 
Proof.
(1) Consider first the case K > S 0 . We have
This implies that β 1. From (3.43) we have
(2) Next consider K < S 0 . When −(1 − τ )x 1, from (3.44) we know that ξ 1, and by expanding it we obtain
hence we have
Therefore we obtain the asymptotic expansion of the rate function
Hence the conclusion follows. (see [35] , page 7). Plug it into (3.32) and find the minimum of the quadratic equation of c
We can easily compute the minimizer c * = . This provides us a simple way to estimate the rate function of an Asian forward option, which indeed coincides with the first term of (3.45). However, this approach is not accurate enough to provide further terms in the asymptotic expansion.
Since AATM region is included in the τ -AATM region, it follows immediately from Proposition 3.8 that we have: Corollary 3.10. In the AATM region x → 0 we have the following expansion for the rate function of a forward start Asian option under the Black-Scholes model with parameters (x = log(K/S 0 ), τ, σ)
Remark 3.11. In the limit τ = 0 this reduces to
which reproduces Eq.(35) in [35] . In the opposite limit τ → 1 at x ∼ O(1) we get from proposition 3.8 the simple limit
which is the rate function for the large deviations of a sum of iid Gaussian random variables, which gives also the rate function for an out-of-the-money European option in the BlackScholes model.
Next let us consider the asymptotic behaviors of the rate functions in the τ −deep outof-the-money regime.
Proposition 3.12. Consider an out-of-the-money forward start Asian call option under the Black-Scholes model with parameter (x, τ, σ). When the option is in the deep out-ofthe-money region, namely (1 − τ )x 1, its rate function has the following asymptotic expansion
Proof. Clearly when x = log(K/S 0 ) 1, from (3.43) we have
We have x = log(K/S 0 ) 1 and (1 − τ )x 1. From the above equation we know that
This implies that β 1. Now from (3.43) we obtain
By inverting the series we have
By plugging in (3.41) we have
x .
Remark 3.13. Consider the fixed x and τ → 0 limit. By taking the limit τ → 0 in (3.48) we obtain
This can be compared with the large strike asymptotic result for the rate function of a standard Asian option with averaging starting from time 0 in Eq. (36) of [35] 4 .
Next we consider the case of a deep out-of-the-money put Asian option, which has small strike, namely x = log(K/S 0 ) −1. This case is more complex, and we distinguish two regions in (τ, x) with distinct asymptotics. , and there is no log(2x) term to the order considered. With these corrections, the τ = 0 result is reproduced indeed. 
Remark 3.15. Case (1) corresponds to the left wing asymptotics (−x) → ∞ in a region of small τ , below the curves shown in Fig. 4 . Case (2) corresponds to τ ∼ O(1) and large log-strike −x 1. (1) of Proposition 3.14 corresponds to values of (x, τ ) below these curves which are also in the τ −DOTM region, and region (2) corresponds to values of (x, τ ) above these curves which are also in the τ −DOTM region.
Proof. Clearly when x < 0, from (3.44) we have ξ > 0 and
.
(1) Since −(1 − τ )x 1 we know that ξ → 1/ζ) ).
Hence the asymptotic expansion of the rate function is
. The proof of the above claim is similar as in (1) by reversing the signs. Hence
Remark 3.16. For a fixed x if τ → 0, it falls into the first case that −(1 − τ )x 1 and
. By taking (3.49) to the limit τ → 0 we obtain
which agrees with the asymptotic result for a standard Asian option with averaging starting from time 0 (see [35] , page 8). 
Equivalent Black-Scholes volatility
It is convenient to introduce the so-called equivalent log-normal (Black-Scholes) volatility Σ LN of a forward start Asian option. This is defined as the constant volatility for which the Black-Scholes price of an European (vanilla) option with maturity T and underlying value
reproduces the price of the forward start Asian option with parameters (S 0 , K, T, τ ), which we denote by C(T ) (P (T ) resp.). Analogously we define the normal (Bachelier) equivalent volatility as that volatility Σ N for which the Bachelier price of an European option with maturity T and strike K reproduces the Asian option price. Take an Asian call option as example. We have
T , where A(τ T, T ) is given in (3.53) and
with S t following the Black-Scholes model with volatility σ.
We have the analog of Proposition 18 in [35] .
Proposition 3.17. Assume r = q = 0 and the stated assumptions on the local volatility function.
(1) The short-maturity T → 0 limit of the log-normal equivalent volatility of a forward start out-of-the-money Asian option is
The corresponding result for the normal (Bachelier) equivalent volatility is 7
2) The short-maturity T → 0 limit of the log-normal equivalent volatility of a forward start ATM Asian option is
Remark 3.18. Substituting here the expansion of the forward start rate function in the Black-Scholes model and expanding in powers of x = log(K/S 0 ) we get
(3.57) In the limit τ → 0 this agrees with the result in Eq. (55) in [35] for the log-normal implied volatility of an Asian option with averaging starting at time 0 in the Black-Scholes model. The leading term gives the ATM volatility, the O(x) term gives the ATM skew, and the O(x 2 ) term gives the ATM curvature of the Asian implied volatility smile.
Proof of Proposition 3.17. The proof is analogous to the proof of Proposition 18 in [35] and is omitted here.
Remark 3.19. The result in (3.56) corresponds to the log-normal implied volatility of an at-the-money forward start Asian option paying (A [T 1 ,T 2 ] −K) + at time T 2 . From this result we observe that the price of this option is the same as that of an European option 8 with variance σ 2 (T 1 + 1 3 (T 2 − T 1 )). The variance can be also written as
we get that this is also equal to the price of an European option with volatility Σ LN (S 0 , S 0 ) := lim T →0 Σ LN (S 0 , S 0 , T ) and maturity T .
Floating strike Asian options
An important class of Asian options that are encountered in practice are the floating Asian options. The strike of these options is defined with respect to the average of the asset price over a forward period [T 1 , T 2 ] with T 1 < T 2 . Such an option pays at time T 2 the payoff of the form Call :
(4.60)
Here κ > 0 is the so-called floating strike.
Denoting t the valuation time, we distinguish two cases for t: (i) t < T 1 . The entire averaging period is in the future. The option is forward start and this case is studied in Sec. 4.1.
(ii) T 1 < t < T 2 . Namely the valuation time t enters into the averaging period, and the integral over the asset price includes a deterministic contribution and a stochastic contribution
Part of the averaging period is deterministic, and can be absorbed into a constant strike in the payoff. This corresponds to so-called "seasoned Asian option", or generalized Asian options. This case will be treated below in Sec. 4.2.
Forward start floating strike Asian options
We consider in this section the forward start floating strike Asian options with t < T 1 < T 2 , and take t = 0 for simplicity. Let T 2 = T > 0, T 1 = τ T with τ ∈ (0, 1). The prices of these options are given by expectations in the risk-neutral measure
We will assume that the underlying asset price S t follows the local volatility model (2.6) and (2.7).
The floating strike call Asian option is in-the-money (floating strike put Asian option is out-of-the-money) when κS 0 e (r−q)T > A(τ T, T ) with A(τ T, T ) = 1 (r−q)(1−τ )T (e (r−q)T − e (r−q)τ T ), and they are both at-the-money when κS 0 e (r−q)T = A(τ T, T ). In the T → 0 limit we have lim T →0 A(τ T, T ) = S 0 and we get that for κ < 1, the call option is out-ofthe-money and the put option is in-the-money; when κ = 1, both the call and put options are at-the-money; when κ > 1, the call option is in-the-money and the put option is outof-the-money.
Similar to the case of the fixed strike Asian options, as the maturity T → 0, the prices of out-of-the-money floating-strike forward start Asian options decrease to 0 exponentially fast, and the rate can be captured using large deviation theory. The prices of at-the-money options, on the other hand, decrease at the speed of √ T , and the rates can be obtained by linear approximation with a Gaussian random variable. Also as before, the estimates on the prices of in-the-money floating-strike forward start Asian options follow easily from put-call parity. In the following theorem, we study these asymptotic estimates in detail.
Theorem 4.1. Assume the asset price S t follows the local volatility model as in (2.6) and (2.7). Then we have the following short maturity asymptotic estimates for the prices of floating-strike forward start Asian options as T → 0.
(1) When κ < 1, we have
and
(2) When κ > 1, we have
and lim T log C f (κ, T, τ ) = lim
Then by applying the sample path large deviation of P(S t· ∈ ·, t ∈ [0, 1]) on L ∞ [0, 1] and the contraction principle, we obtain (4.62). To see (4.63), we just need to use put-call parity
From (4.62) we know that C f (κ, T, τ ) = O(e −I f /T ) = o(T 2 ) when κ < 1, then (4.65) follows immediately.
(2) We can easily obtain (4.64) and (4.65) using the same arguments as in (1) . (3) Following similar arguments as in Theorem 2.4, we have
whereŜ t is a Gaussian process given byŜ t = S 0 + σ(S 0 )S 0 W t . When κ = 1, sinceŜ T − 1 1−τ 1 τŜ tT dt is a normal random variable with mean zero and variance
where Z is a standard normal random variable. We then obtain (4.66).
In the rest of this section we further investigate the variational problems of the rate functions.
Proposition 4.2. Assume the asset price S t follows the local volatility model as in (2.6) and (2.7). Consider an out-of-the-money floating-strike forward start Asian option and let I f (S 0 , κ, τ ) be the rate function as in Theorem 4.1. We have 
(4.68)
Proof. Recall
If we consider function f ∈ AC[0, 1] such that f (t) = g(t) − log S 0 . Then we can rewrite I f (S 0 , κ, τ ) as
Similarly as in the proof of Proposition 2.5, by using Lagrange multiplier we obtain the optimal path f (t) comes from the family of absolutely continuous paths {f c (t)} c∈R given by
with boundary conditions
The left hand side of (4.70) is then given by
which is exactly J BS (κ). Hence we have (4.70), and
Remark 4.4. Notice that under Black-Scholes model, the optimization of the rate function I f (S 0 , κ, τ ) in (4.67) with respect to c is trivial. This comes from the fact that I(x, κ) in (4.68) is independent of x when σ(·) is a constant function. Hence the optimal path remains flat when 0 < t < τ in order to achieve smallest energy.
At last, it is worth investigating an equivalence of floating-strike and fixed-strike forward starting Asian options under the Black-Scholes model, which was first introduced by Henderson and Wojakowski in [27] for regular Asian options. In the proposition below, we study the equivalence for forward start Asian options. Similar results for Asian options with discrete time averaging have been discussed in [43] , see Theorem 9 in [43] .
Denote by C f (S 0 , κ, r, q, T 1 , T 2 ) the price of a floating-strike call option with floatingstrike κ, forward starting time T 1 , maturity T 2 , and underlying asset dynamics
where W t is a standard Brownian motion. Denote by C x (S 0 , K, r, q, T 1 , T 2 ) the price of a fixed-strike forward start call option with strike price K, forward starting time T 1 , maturity T 2 , and underlying asset following (4.71). Analogously denote the prices for put-options: P f (S 0 , κ, r, q, T 1 , T 2 ) and P x (S 0 , κ, r, q, T 1 , T 2 ).
Proposition 4.5. Assume the asset price S t follows the Black-Scholes model with constant volatility σ. Then we have that We also have Proof. We prove (4.72). Since
We change the probability measure such that
By Girsanov's theorem we know that W * t = W t − σt is a Brownian motion under the probability measure P . Hence we have
Moreover, note that
whereŴ is a standard Brownian motion under P * . By changing the integration variable t → T − t we obtain that
We then obtain (4.72) by realizing the right hand side of the above equation is exactly P x (S 0 , κS 0 , q, r, 0, (1 − τ )T ).
Similarly, for a floating-strike forward start Asian put option we have
S 0 e (q−r− 
Generalized Asian options
We consider here a more general type of Asian options with payoff
where the asset price average A T is defined with respect to the time period [0, T ]. Although these options are not forward start, they appear naturally when pricing so-called seasoned floating-strike Asian options. These options are initially forward start, but their evaluation requires the study of these payoffs when the valuation date enters the averaging period. We will call them generalized Asian options, following Linetsky [32] . The prices of these options are given by expectations in the risk-neutral measure. For example
The generalized Asian call option is in-the-money if
and at-the-money if κ = 1 − K/S 0 and out-of-the-money otherwise. We study here the short maturity T → 0 asymptotics for the generalized Asian options in the local volatility model. This is given by a generalization of Proposition 21 in [35] . Theorem 4.6. Assume that S t follows the local volatility model (2.6) and (2.7). Then the short maturity asymptotics T → 0 for the prices of OTM generalized Asian options are as follows.
(1) When κ < 1 − K/S 0 , we have
In the Black-Scholes model we can give a more explicit result for the rate function of the generalized Asian options. (1) In the region A of the (K/S 0 , κ) plane (above the blue line K/S 0 + κ = 1 in Fig. 6 ), we have for the rate function of an OTM call and β is the solution of the equation
(2) in the region B of the (K/S 0 , κ) plane (below the blue line K/S 0 + κ = 1 in Fig. 6 ), we have the rate function of an OTM put
where η is the solution of the equation
This determines η up to a discrete ambiguity
Finally, ξ is given by the solution of the equation
Proof. The rate function in the Black-Scholes model is given by the solution of the variational problem
where the infimum is taken over all functions f (t) satisfying f (0) = 0 and
The proof follows closely that of Prop. 23 in [35] and will be omitted.
We note a few properties of the rate function for generalized Asian options. (ii) It is symmetric under the exchange of its arguments
Proof. (i) It is easy to see that f (t) = 0 satisfies the integral constraint (4.93) provided that κ + K S 0 = 1. Thus the optimal path along this line is f (t) = 0 and the rate function vanishes. In fact it is easy to see that this holds also in the more general local volatility model and is not specific to the Black-Scholes model.
(ii) The integral constraint (4.93) for J g (κ, K/S 0 ) can be written equivalently in terms of the function h(t) defined by f (t) = h(1 − t) + f (1) as e f (1) which is just the integral constraint for J g (K/S 0 , κ). The rate function has the same form when expressed in terms of h(t) by noting that f (t) = −h (1 − t). Thus the optimal path for J f (κ, K/S 0 ) is mapped by this change of variable into the optimal path for J g (K/S 0 , κ), and the rate function takes the same value for both cases. This concludes the proof of the result.
Numerical tests for forward start floating strike Asian options
We consider here the pricing of floating strike forward start Asian options. Following the same approach as in [36] , we consider them as call/put options on the underlying B We propose the price approximation expressed as the Bachelier formula (1) the short-maturity limit T → 0 of the normal (Bachelier) equivalent volatility of an OTM forward start floating strike Asian option in the BS model is They correspond to the benchmark case considered in Tables II,III and IV of [42] . The initial asset price is S 0 = 100, the interest rate is r = 10% and dividend rate q = 0.
The forward F f (τ T, T ) for the three cases is F f (τ T, T ) = 0.9034 , 1.5 , 2.71, which is positive. Thus the options are in-the-money. However in the short maturity limit T → 0 these options would be ATM since κ = 1. For this reason we will use the ATM normal implied volatility (4.100) in the numerical estimates below.
In Table 3 we show results for the benchmark cases considered in Tables II,III ,IV of [42] . The results of the analytical approximation of [42] , and the result of MC simulation, are compared against the short maturity asymptotic result following from Eq. (4.98). The asymptotic result is lower than the MC simulation result. The asymptotic result is sensitive to the interest rate r through the forward rate F f (τ T, T ). The deviation from the exact result increases with r, as seen in the numerical tests in [35] . For the case considered here the interest rate r = 10% is rather large, which explains the larger difference comparing with the benchmark results. However we note qualitative agreement with the benchmark scenarios, as the differences with the MC simulation is always below 10% in relative value. Table 3 : Numerical tests for the forward start floating strike Asian options, comparing with benchmark test results in [42] . C f (1, τ ) gives the result of the short maturity asymptotic approximation (4.98). TCL shows the analytical approximation of [42] and MC shows the result of a Monte Carlo simulation. 
A Notations
We summarize here the notations for the rate functions used in the main text.
• I(S 0 , K, τ ) is the rate function for an Asian option with averaging starting at time zero in the local volatility model.
• I fwd (S 0 , K, τ ) is the rate function for a forward start Asian option in the local volatility model. This depends on S 0 , K in a non-trivial way.
• I • I f (S 0 , κ, τ ) is the rate function for a forward start floating-strike Asian option in the local volatility model.
• I
(BS) f (κ, τ, σ) is the rate function for a forward start floating-strike Asian option in the Black-Scholes model.
• I g (S 0 , κ, K) is the rate function for the generalized Asian option.
• J g (κ, K/S 0 ) is the rate function for the generalized Asian option in the Black-Scholes model.
